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LARGE CHARACTER SUMS: PRETENTIOUS CHARACTERS 
AND THE POLYA-VINOGRADOV THEOREM 


Andrew Granville and K. Soundararajan 

1. Introduction 

The best bound known for character sums was given independently by G. Polya and 
I.M. Vinogradov in 1918 (see [4], p.135-137). For any non-principal Dirichlet character y 
(mod q) we let 

M(x) ■= max V y(n) , 

X | ZJ 

n<x 

and then the Polya-Vinogradov inequality reads 

( 1 . 1 ) M(x) < \/qlogq. 

There has been no subsequent improvement in this inequality other than in the implicit 
constant. Moreover it is believed that (1.1) will be difficult to improve since it is possible 
(though highly unlikely) that there is an infinite sequence of primes q = 1 (mod 4) for 
which (£) = 1 for all p < q e , in which case M((-)) 3> e yi qlogq. 

The unlikely possibility described above involves a quadratic character, and one might 
imagine that there are similar possibilities preventing one from improving (1.1) for higher 
order characters. Surprisingly, one of our main results shows that we can improve (1.1) 
for characters of odd, bounded order. 

Theorem 1. If x (mod q) is a primitive character of odd order g then 

M (x) v / ?( 1 °g?) 1_ ^ +o(1) > 


where S g = (1 — ^ sin ^). 

Our proof of Theorem 1 is based on some technical results (described in the next section) 
which allow us to characterize characters x f° r which M (y) is large. Our characterization 
reveals that there is a hidden structure among the characters having large M(y). One 
example of this structure is the following: 
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Foundation. 
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Theorem 2. For 1 < j < g let Xj (mod qj) be primitive characters (not necessarily 
distinct) with qj < q for all j. We suppose that the product Xi" 'Xg gives the principal 
character. If g is odd then we have that 

JJ <3 (log q) 9 ~^ + (log q) 9 ~F 

3 =1 


If g is even then 


M( X g) 
y/% lo s % 


+ (log?) 


2 ( 9 - 1 ) 

7 


3-1 

».n 


3 = 1 


/ M(xj) 

\^Qj\ogq 


2(3-1) 


Roughly speaking, the first part of Theorem 2 tells us that if g is odd and Xi • • • Xg = 1 
then at least one of the M(xj ) I s small. In particular, taking xi — • • • = Xk — X with 
k = g — 1, if M(x) is large then M(y fc ) is small for small even integers k. The second part 
of Theorem 2 tells us that if g is even and M(x l), • • •, M(x g - 1 ) are all large, then so is 
M(x i'' 'Xg-1 )- l ri particular, taking xi — ''' = Xk = X with k — g — 1, if M(x) is large 
then M(x k ) is also large for small odd numbers k. 

Another consequence of Theorems 1 and 2 is that if q is prime = 3 (mod 4), and 
M{x) ^ \fl log ? f° r some character x (mod q) of bounded order then M((-)) S> ^fq log q 
for the quadratic character (-). One can deduce further results like this from Theorem 2. 

We give yet a third consequence. Suppose that q\, ? 2 , ?3 are pairwise coprime, odd, 
squarefree integers in the interval [Q,2Q\, such that each M(( —)) S> ^fe[i log q, t . Then 

A^(( —)) < VvW 2 ( l °g(qW 2 )) 6/7 , whereas M((^^)) > ^/qfqfqf log(?i? 2 ? 3 )- Similar 
results can be proved for products of four or more characters. 

These bounds are larger than the expected maximal order of character sums. In 1977 
H.L. Montgomery and R.C. Vaughan [12] showed if the Generalized Riemann Hypothesis 1 
is true then 

(1.2) M{x) < log log ?• 

This bound is best possible, up to the evaluation of the constant, in view of R.E.A.C. 
Paley’s 1932 result [13] that there are infinitely many positive integers q such that 

(1-3) (^- + o(l))Vgloglogg, 

where 7 = 0.5772 ... is the Euler-Mascheroni constant . 2 Paley’s result gives large character 
sums for a thin class of carefully constructed quadratic characters, and one may ask if for 
each large prime q there are characters x (mod q) with similarly large M{x)■ Our next 
result shows that there are indeed many such characters x, and moreover we can point 
these character sums in any given direction. 

Hn their results and in ours (when indicated), the Riemann hypothesis for all Dirichlet L-functions is 
needed, not merely the Riemann hypothesis for the particular L(s, x). 

2 Actually Paley’s method gives the constant “1/2” not “e 7 ”, but such an improvement appeared 
subsequently in several places, for example [1]. 
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Theorem 3. Let q be a large prime and let 6 e (—7 r,7r] be given. There is an absolute 
constant Cq such that for at least q 1 ~ c o/Ws l °s<]) characters x (mod q) with x(—1) = —1 
we have 

^ x (n) = e l6 ^—^q(^ log log q + 0 ((log log g) 1 / 2 )j 

n<x 

for all but o(q) natural numbers x < q. 

In view of Theorem 3 it may be surprising that there are analogues of Theorems 1 and 
2 which give a sharper upper bound than ( 1 . 2 ) for characters of small odd order. 

Theorem 4. Assume GRH. If x (mod q) is a primitive character of odd order g then 

M (x) v / ^( 1 °g 1 °g 9 ) 1_ ^ +o(1) , 

where 5 a — ( 1 — - sin -). 

y V 7T g ' 

On GRH, we can show that there exist arbitrarily large q and primitive characters x 
(mod q ) of odd order g such that 

( 1 . 4 ) M{x) >9 v / ^( 1 °g lo g?) 1_<5s_ ° (1) - 

We believe that the exponent 1 — 5 g = sin ^ in (1.4) is best possible, and that Theorem 
4 can be improved to attain this bound. Perhaps this can be achieved by improving the 
bound given in Lemma 4.3. It would also be interesting to obtain the lower bound (1.4) 
unconditionally. 

Theorem 5. Assume GRH. For 1 < j < g let Xj (mod qj) be primitive characters with 
qj < q for all j. We suppose that the product xi • • -Xg gives the principal character. If g 
is odd then we have that 

n U( / — 1 ^9 (log log q) 9 ~^S + (log log q) 9 ~T 
i=i v q i 

If g is even then 


M(x 9 ) 

i°g log q g 


+ (log log q) 



/ Mjxj) X 2 ^- 1 ) 
^ y/qj log log g/ 


One can make deductions from Theorems 4 and 5 analogous to those consequences we 
gave after Theorems 1 and 2. 

The known estimates for character sums strongly resemble bounds for L{ 1, x). Uncon¬ 
ditionally it is easy to show that |L(1, X )| <C logg. Assuming GRH, J.E. Littlewood [11] 
proved that 

(1.5) L( l,x)~ n (l-^l)" 1 , 

p<log 2 q 
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from which it follows easily that 


(16) 


|£(l,x) < (1 + o(l))2e 7 log log g. 


Apart from a factor of 2, the bound (1.6) is best possible, since S.D. Chowla [3] showed 
that there exist arbitrarily large q and characters y (mod q ) such that 

|£(1>X)I > (1 + o(l))e 7 loglogg. 

Theorem 6. Assume GRH. If y is a primitive character (mod q ) then 


1<X 


2e 7 


^2x(n) < (— +o(l))y/qlog\ogq. 


Further 


Y 

x<n<x-\-y 


< 


4e 7 


7T 


v/3 


+ o(l) log log Q. 


Regarding the second part of Theorem 6 we record that with minor modifications to 
the proof of Theorem 4 we may prove that for any angle 0 G (—7r, 7r] and any large prime 
q there are at least g 1 - 2 /( 1 °g 1 °g<j) characters y (mod q) with y(—1) = 1 such that 

2 g'-y 

(1.7) y( n ) ~ e te -^=^q log-log q. 

q/S<n<2q/3 


Theorem 6 places the situation for large character sums on the same footing as bounds 
for L(l,y): the conditional O-results for character sums differ from Paley’s 0 result by 
only a factor of 2. Moreover the maximal size of character sums in an interval [x,x + y] 
is also determined up to a factor of 2. It is believed that the Q result represents the true 
extreme values of L(l, y) (see [8] for arguments in the case when y is quadratic). Similarly 
we believe that (1.3) and (1.7) give the largest possible character sums. 

Conjecture 1. If y is a primitive character (mod q) then 


Y *( n ) 


< 


7r 


+ o(l) )y/q log log q, 


Y x 


< 


x<n<x-\-y 




\fl !°g !°g q. 


and 
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2. Detailed statement of results 

If X is a primitive character (mod q ) then the sum Y2 n< x x( n ) has a Fourier expansion 
which is given quantitatively as (see Polya [14]) 


*( n ) 

n<x 


t{x) 

2m 



hU(i- e( —^))+0(l + 


glogg \ 

N )’ 


l<|n|<N 


Here r(x) is the usual Gauss sum (see section 4). Choosing N 
L{l,x) = En<q x( n )/n + 0(1) we obtain that 
( 2 . 1 ) 


n<Cx 


^a-a-Dva.x) 


27 n ^ n V q 

n<q 


q above and noting that 


X(-I)e(f ))+0(y/q). 


All of our work here proceeds from the Fourier expansion (2.1). We wish to understand 
when the terms appearing in (2.1) can be large. Littlewood’s result (1.5) indicates that 
L(l,x) is large only when x(p) ~ 1 for many small primes p. We will find that the other 
terms appearing in (2.1) can be large only when x(p) ~ £(p) f° r many small primes p, 
where £ is a character of small conductor. A. Hildebrand [10] first realized the possibility 
of such a result. 

To formulate our results precisely we define for two characters x and ip 

(2.2) D(X.*»):=(£ 

p<y ^ 

We think of 3(x,ip‘,y) as measuring the distance between the characters x and ip ( U P to 
some point y). As we will see below (Lemma 3.1) the triangle inequality holds: 

(2.3) D(xi, V’i; y) + D(X 2 , ^ 2 ; y) > D(xiX 2 , VhV^; y). 

Note that 0 < D(x, ip',y) < (1 + o(l))\/2 log logy. 

Definition. Let x an d ip be two characters and let 5 > 0. We say that a character x is 
(ip, y, 5)-pretentious if 


= ^WphM<« ogloM . 

PS» p 


Our main results, from which Theorems 1 and 2 will follow, are the following two 
Theorems. 
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Theorem 2.1. Of all primitive characters with conductor below (log q) 3 let f (mod m) 
denote that character for which D(x, £;</) is a minimum . 3 Then 

Mix) < (1 ~ log q exp ( - ^B(x,£;g) 2 ) + ^q(logq)H 

Thus M{x) ^ y^logg)^ unless £(—1) = — x(—1) and x hs (£,<7, f) -pretentious. 

In the opposite direction we will show that if x is dose to a character with small 
conductor (and opposite parity to x) then M{x) is large. 

Theorem 2.2. Let if (mod £) be a primitive character with ip(— 1) = —x(—1). Then 

Mix) + loglog q ^ I °sqexp(-B{x,^q) 2 )- 

We next turn to results conditional on GRH. Given a real number y > 1 we let S{y) 
denote the set of integers all of whose prime factors are below y. We are motivated by 
Littlewood’s conditional result (1.5) which shows that L{l,x) is w dl approximated by 
£ n6<S(log2 q ) X(n)/n. We will show that the terms in (2.1) involving e(±nx/q) may also be 
replaced by sums involving only smooth numbers n. 

Proposition 2.3. Assume GRH. Let x be a primitive character (mod q) and let a be a 
real number. Then 

hde(na)+0(l). 

nKq 

n6S((logq) 12 ) 


X(n) , \ 

> - e(na) — 

n 

nKq 


It follows at once from (1.6), Proposition 2.3 and (2.1) that 

V^irt-r ^ <- ^ _1 


^2 X(n) <— |T(l,x)l + — 11 ( 1__ ) < (14e 7 + o(l))—loglog g. 

7T 7r - LJ - V p/ 7T 

n<qa P<(log<j) 12 


Thus Proposition 2.3 already gives a refinement of (1.2), and its proof (given in §5) is 
simpler than the original proof of (1.2). With Proposition 2.3 in place we can argue as in 
Theorems 2.1 and 2.2 and arrive at the following conditional analogues from which we will 
deduce Theorems 4 and 5. 

Theorem 2.4. Assume GRH. Of all primitive characters with conductor below (log log q) 5 
let f (mod to) denote that character for which B(x, £;logg) is a minimum. Then 

M[x) « (1 -x(-l)C(-l))^^ylogloggexp ( - ^B(x, 6 logg) 2 ) + ^q{loglogq)T 

Thus M(x) -C y^loglog q )? unless £(—1) = —x(—1) and x is (£. log q, |)- pretentious. 


3 If there are several characters attaining this minimum then one can pick £ to be any one of those 
characters. 
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Theorem 2.5. Assume GRH. Let if (mod £) be a primitive character with 1) = 
—x(—!)• Then 


M(x) + 


\F$_ 

m 


log log log q S> 


m 


log log Q exp(— B(x, V’! log?) 2 )- 


Our work also allows us to make the following refined version of Conjecture 1. 


Conjecture 2.6. Let x be a primitive character (mod q). If 1 < x < q/2 then M(x) < 
{e 1 f'K+o{l)) y /q\og\ogq and equality holds here if and only if x(—1) = — 1, x > q/ (logg)^ 1 ), 
and 


y- 1 - Re xfp) 

p<\ogq 


0 ( 1 ). 


Further, ifl<x<x + y<q, 


*( n ) 

x<n<x-\-y 


< 




Vq lo gi°gg; 


and equality holds here if and only if x(— 1) = 1, both \x — q/ 3| and |x + y — 2g/3| are 
< (//(loggj^W where h(q) —> oo as q —> oo, and 

^ 1 — Re(x(p)(§)) 

p<logq ^ 

P# 3 


To finish the paper we use the improved upper bounds for L(l,x) given in [9], to 
obtain a modest improvement over Hildebrand’s results [10] on the constant in the Polya- 
Vinogradov inequality. 

Theorem 2.7. Let x be a primitive character (mod q), and set c — 1/4 if q is cubefree, 
and c — 1/3 otherwise. If x(~ 1) = 1 then 

^ 69 c + o(l) 

M(x) - roTrVS - '^ ° s? ' 

Ifx{- 1 ) = -1 then 

M(x) < C + °^ v^ogg- 

7T 

In the case x( — 1) — 1 °ur result improves Hildebrand’s estimate by a factor of 
Hildebrand gives an estimate for a slightly different quantity than M(x) when x( — 1) = — 1. 

The exponents in Theorems 1, 2, 4, and 5 can all be improved by refining the technical 
Lemmas 3.4 and 4.3. Although we can give some improvements to both Lemmas, we have 
refrained from doing so in the interests of a simpler exposition. We invite the reader to 
attain our objectives and reap the improved theorems, by replacing the lower bound given 
in Lemma 3.4 by the best possible result, and to replace the exponent ‘1/2’ by ‘1’ in Lemma 
4.3 (perhaps at the cost of a term of smaller order of magnitude). 
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3. The distance between characters and deductions 

In this section we gather together information on the distance between characters defined 
in (2.2) and show how Theorems 1, 2, 4, and 5 may be deduced from Theorems 2.1, 2.2, 
2.4 and 2.5. Let z and w denote sequences (z( 2), z( 3),...) and (w(2), w(3), ...) indexed 
by the primes, and such that \z{jp)\ < 1 and |u>(p)| < 1 for all p. For two such sequences 
we define (generalizing (2.2)) 


1 — Re z(p)w(p) \ \ 

D(z,w;»)=(£-A^) ■ 

p<y 

Given two sequences z\ and Z 2 we will denote by Z 1 Z 2 the sequence obtained by multiplying 
componentwise: (zi(2)z 2 (2), zi(3)z 2 (3 ),...). 

Lemma 3.1. With the above notations we have the triangle inequality 


B(zi,wi \y) + B(z 2 , w 2 ; y) > B(ziz 2 , wiw 2 ; y). 


Proof. Since B(z, w; y) = B(l, zw; y) we may assume that zi = 1 = Z 2 . Using the Cauchy- 
Schwartz inequality we see that (0(1, wq; y) + 0(1, w 2 ; y )) 2 is 

E /1 — Re tui(jo) 1 — Re m 2 (p)\ NTrw 

-— +-— + 20(1, w i; y D 1, w 2 ; y) 

V p p / 

p<y 

> ^2 “ (l _ Re w i{p) + 1 - Re w 2 (p) + 2a/1 - Re w\(p)\Jl - Re W 2 {p)^j 
p<y ^ 

> - ^1 — Re w\(p) + 1 — Re w 2 (p) + |Im uq(p)||Im w 2 (p)\J 

p<y P 

> -(i - Re w 1 {p)w 2 ip) s j, 

p<y ^ 


which proves the Lemma. 

More generally, that given a sequence (a(2),o(3),...) of non-negative real numbers we 
could define the distance between z and w as Cf2 p<y o(p)(l — Re z(p)w(p))) 2 . A simple 
modification of the proof above shows that this also satisfies the triangle inequality. 

We now turn to estimates on distances between characters. We first, record a conse¬ 
quence of the prime number theorem in arithmetic progressions that we will find useful 
below. Suppose a (mod £) is a reduced residue class. Then for any x such that i < (logo:)" 4 
(.A an arbitrary constant) we have that 

E (; = (1+o(1)) v7T logloga: ' 

£<p<x F J 

p=a (mod £) 


(3.1) 
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Lemma 3.2. Let x (mod q) be a primitive character of odd order g. Suppose £ (mod m) 
is a primitive character such that x( — 1)£(—1) = —1- If m < (logy)" 4 then 

D (Xi&y) 2 > {Sg + 0(1)) log logy. 


Proof. Since x has odd order, x( — l) — 1- Thus £( —1) = —1 and £ must have even order 
k > 2 say. We have 

D(x,£;y) 2 > E ( E “) J™/ 1 “ R e ze(-£/k)). 

-k/2<£<k/2 p<y ^ Z 

£,(p)=e(£/k) 

If || A|| denotes the distance of A from the nearest integer then we may check that min 2 9 = o,i(l — 
Re ze(—£/k )) — 1 — cos(^-\\£g / k\\) . An application of (3.1) gives that 

E - > (! + o(l))-^ log logy. 

P K 

p<y 

£,(p)=e(£/k) 

Writing g/k — g*/k* in lowest terms (note that k* > 2 is even) we deduce that 
D(X,^W) 2 > (1+ o(l))^ loglog y • ^ E ( 1 _cos |f) 

-k*/2<£<k*/2 

_ Sin(,f/g) Hog logy. 

V k* tan(7r/ (gk*))J 8 8 U 

Since k* tan(7r/(y/c*)) > n/g, the Lemma follows. 

Deducing Theorem 1 from Theorem 2.1. Suppose x l ias odd order g and let f be the 
character with conductor below (log q)s with smallest B(x, £;<?). If x( — 1)£( —1) = 1 then 
Theorem 2.1 gives M(x) -C ^^(log q) ? which is stronger than Theorem 1. If x(— T)£( —1) = 

— 1 then Lemma 3.2 gives that B(x, £; q ) 2 > (d g + o(l)) log log q, and Theorem 1 follows at 
once from Theorem 2.1. 

Deducing Theorem 4 from Theorem 2-4- This is entirely analogous to the above deduction. 

Lemma 3.3. Let g > 2 be fixed. Suppose that for 1 < j < g, Xj (mod q 3 ) is a primitive 
character. Let y be large, and suppose f,j (mod m 3 ) are primitive characters with conduc¬ 
tors nij < log y. Suppose that Xi" 'Xg * s the trivial character, but • • • f g is not trivial. 
Then 

g 1 

E ®(Xj,&y) 2 > (-To) 1 )) loglogy. 
i =i 9 


Proof. We decompose O (Xj■, £,j\v) 2 as ®o(Xu£jW) 2 + Di (Xj^jill) 2 where in Do we sum 
over primes p < y dividing the l.c.m. of q±, ..., q g , and in Di we sum over all other primes 
p < y. Then the triangle inequality holds for Di, and using Cauchy-Schwartz we find that 


g 

E°i (xj,tp,y) 2 


3 = 1 



g 2 

(E^fo^)) 

3 =1 



E 

p<y 
PlQl '"Qg 


1 — Re — • £ g (p) 


p 
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Trivially 


9 


3 = 1 


> 


E 

p<y 

P\9l-"9g 


1 1 

- > - 

P 9 


E 

p<y 

p\qi--q g 


1 - Re £l • • -€ g ( p ) 
P 


and so we deduce that 


J 2 B( Xj ,&y) 2 > - 0 ( 1,6 . U,y) 2 - 

3 = 1 9 

The Lemma now easily follows from (3.1). 

Deducing Theorem 2 from Theorems 2.1 and 2.2. We first consider the case when g is odd. 
For each 1 < j < g lei: f 3 (mod rn 3 ) denote that primitive character with conductor below 
(log q 3 )5 for which D(xj, Qj) is a minimum. If for some j we have Xj(~ l)£j(—1) = 1 then 
Theorem 2.1 gives that M(xj) "C y/qj(log qj)% and our claimed bound follows. Suppose 
now that Xj(~ l)£j( — 1) = —1 for all j. By Theorem 2.1, and since q 3 < q, we see that 

M ^ < (log Qj ) exp ( — l-TS>(xj,Cj-,Qj) 2 ) + (log qj)' 

< (log q) exp ^ — ^>(xj,tr,q) 2 ) + (log g)+ 

Therefore 

n ~7=^ < (log q) 9 exp ( - ^ J^O(xj,6;g) 2 ) + (logg) 5 ~T 

3 = 1 V '13 Z j=l 

We know that Xi • • • X g is the trivial character, and since g is odd (£1 • • • f g ) (—1) = (— l) 9 = 
— 1 and so £1 • • ■ f g is not trivial. Lemma 3.1 now gives the bound of the Theorem. 

Now we consider the case when g is even, li g — 2 then xi and X 2 are complex conjugates 
and there is nothing to prove. Suppose now that g > 4. If for any 1 < j < g — 1 we have 
M(xj ) ^/qj{log q) 7 then the bound of the Theorem holds trivially. Suppose now that 
for each 1 < j < g — 1 we have that M(xj ) ^ y/Qj (log q)^ ■ If f-j (mod rri 3 ) denotes the 
primitive character with conductor below (logg ? ) 5 with minimum D(xj, £+ qj ) 2 then by 
Theorem 2.1 we have that Xj(~ l)£j(—I) = — 1; and that 

M (Xj) < ^^(logg J )exp(^-^D(x i ,0Wi) 2 ) < ( lo §g) ex P ( ~ 7^(x+ £+ g) 2 ), 


D(Xi,^;?) 2 < 2log 


/ ^/qJnTj log q x 


+ 0 ( 1 ). 


so that (for j < g — 1) 
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Now note that \g is the primitive character inducing Xi''' Xg -1 and so we let ip denote 
the primitive character inducing £1 • ■ ■ f g -\. We note (using the triangle and the Cauchy- 
Schwartz inequalities, as well as an argument as in Lemma 3.3 to handle the primes dividing 
qi ■ ■ ■ q g -imi ■ ■ -m 3 _i) that 


9~ 1 

<(g- 

3 = 1 

and that Xg(~ 1)V'l—1) = (—l) 3 ~ 1 — —1. Appealing to Theorem 2.2 we obtain the Theo¬ 
rem. 

Deducing Theorem 5 from Theorems 2.f and 2.5. This is entirely analogous to our deduc¬ 
tion above. 

Finally we record a lemma which will be useful later. 

Lemma 3.4. Let x (mod q) be a primitive character. Of all primitive characters with 
conductor below log y, suppose that ipj (mod m,j) (1 < j < A) give the smallest distances 
D(y, ipj] y) arranged in ascending order. Then for each 1 < j < A we have that 

B(x,VbW) 2 > (i - ^ + o(!)) loglogy. 


Proof. Notice that 


J 


k= 1 


? *■—' p 

p<y k=1 


JHx.'I’j'.yf > 1 = 7 E ((E * 1 “ Re x(p)V>*(p)) 

(3.2) 

By Cauchy-Schwartz we have that 


J p<y y k =1 


(3.3) 


ElXN-v))^ (Ev)(El|X>‘(p) 


p/ \ Z ' P I 
p^y p<y k=i 


p<y k =1 

The first term in the RHS above is ~ log log y. The second term is 

ipk(p)ipe(p)' 


E=(>+ E 


p \ *—' p 

p<y i <M<? 

k±i 


j log log y, 


by appealing to (3.1). Using these estimates to bound the quantity in (3.3), and inserting 
that bound in (3.2) we obtain the Lemma. 
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4. Preliminary Lemmas 

Here we collect together some lemmas used below. For any character x (mod q ) we recall 
the Gauss sum 

(4-1) r(x) = Y X(a)e{a/q). 

a (mod q) 

It is immediate that if (6, q) — 1 then 

(4-2) Y X(a)e(ab/q) =x(b)r(x)- 

a (mod q) 


Lemma 4.1. Suppose that x (mod q ) is induced by the primitive character x! (mod q'). 
Then 

dx) = h(q/q')x(q/q' )dx')- 

If X (mod q) is primitive then |r(x)| = ^Jq and (4-2) holds for all integers b. 

Proof. Note that 


dx) = Y x\a)e{a/q) = Y h( d )x\d) Y x' {a)e{ad/q). 

a (mod q) d\(q/q') a (mod q/d) 

(a,q/q') = l 


The inner sum vanishes unless d — q/q 1 and the first result follows. The second statement 
is well known, see for example [4], 

Lemma 4.2. Let f be a completely multiplicative function with |/(n)| < 1 for all n. 
Suppose |a — b/r \ < 1/r 2 with (6, r) = 1. For any 2 < R < r and any N > Rr we have 


Y f(n)e(na) -C 

n<N 


N | n (log i?) 3/2 
log N y/R 


and 


E 

Rr<n<N 


f(n) 

n 


e(na ) -C logloglV + 


(log/?) 3 / 2 

Vr 


log N. 


Proof. The first bound follows from Corollary 1 of Montgomery and Vaughan [12], The 
second estimate follows easily from the first and partial summation. 

Lemma 4.3. If f is a multiplicative function with |/(n)| < 1 for all n then 

Y ~~ « 1 + log a; exp ^ - Y, - < 1 + log x exp ^ - ^D(l, /;x) 2 j. 

nKx wS x ^ 
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Further if y > 1 then 


< 1 + 1 ogye x p ( -^©(i,/;?/) 2 ). 

n<x 

neS(y) 

Proof. For the first assertion see the remark after Proposition 8.1 of [7] and note that if 
\z\ < 1 then 2 — |1 + z| > |(1 — Re z). To see the second assertion note that if y < x then 

f(n) „ , , , ( 

-Cl + log x exp — 

n V 

neS(y) 

< 1 + logy exp ^D(l,/;y) 2 ). 

If y > x then logo: exp( — |B(1, /; x) 2 ) -C logy exp ( — |D(1, /;y) 2 ), and so the second as¬ 
sertion holds in this case also. 

Lemma 4.4. Let f be a completely multiplicative function with \f{n)\ < 1 for all n. Then 
for any integer £ > 1 we have 

E —“IK 1 -^)" 1 E —+0(( loglog« + 2))V 

z ' n - LJ - \ p / z ' n 

n<x p\£ n<x 

(n,£)=1 




Proof. Writing n as uv where u is composed only of primes dividing £ and v is coprime to 
£ we see that 



n<x 


E 

U 

p\u =>■ p\t 


fH 

u 


E 

v<x/u 

(v,e)=i 


f(v) 



-1 


E 

v<x 
( v,i) = l 


fiv) 


+o 


E 


logit 


u 


p\1 


p\e 


The error term is seen to be <C -) Y\ p \e{^ + 1 /p) •< (loglog+ 2)) 2 . 


5. Proof of Proposition 2.3 

We begin by recalling a consequence of GRH. If if (mod m ) is a non-principal character 
then for all x > 2 

^^if(n)A(n) « \fx log x log(rrix). 

n<x 

This follows from standard arguments: for example, take T — x 2 in (13) on page 120 of 
[4] and use GRH. It follows from the above and partial summation that 

<C \/x\og(mx). 

p<x 


(5.1) 
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Lemma 5.1. Assume GRH. If x is a primitive character (mod g) and x < q 3 / 2 then, 
uniformly for all 6, we have that 

'Y J x(p)e(p0) •< x 5 / 6 log q. 


Proof. First we show that if (b , r) = 1 with r < q then for any x > 2 
(5-2) £ x(p) e (bp/r) <C 

P<X 


To see this, note that 

X] X(p)e(bp/r) = ^ x(p)e(bp/r) + O ( ^ l) 

p<rr p<rr p|r 

(p,r)=l 

= ^TT V’OMVO 5Zx(p)^(p) + O(iogg). 

^ ' ip (mod r) p<a; 

Since r < q and % is primitive we know that is a non-principal character (mod gr). 
Appealing now to (5.1) and using that \r{pf)\ < yT from Lemma 4.1 we obtain (5.2). 

We now turn to the proof of the lemma. Set R = x 2 / 3 and find r < R such that 
0 = b/r + /3 where (6, r) = 1 and \/3\ < 1/frR). If x < g 3 / 2 then r < q and by (5.2) we 
obtain that 'Yh P <NX{p) e (bp/r) <C VrN log (qN) for all N > 2. By partial summation we 
see that 

Y X{p)e{p0) = Y X(p)e{pb/r)e(p(3) = / e(tf3)d ( Y x(p)e(pb/r ) > ), 

p<x P<x 2 p<t 

and integrating by parts using our bound above, we obtain that 

Y,x(p) e (P@) •< (1 + \/3\x)y/rxlogq <C x 5 / 6 logg. 

pH2 x 


Lemma 5.2. Assume GRH. If x is a primitive character (mod g) and x < g 3 / 2 then 
Y^/ x( n ) e ( na ) — Y X{n)e(na)+0(xy~ 1/6 log q). 

n<x n<x 

neS(y) 

Proof. Write n <£ S(y) as pm where p is the largest prime divisor of n. Thus x/m > p > y 
and m < x/y and so (denoting by P(m) the largest prime factor of m ) 

Y X{n)e{na) = Y X(m) £ x(p) e (p r na), 

nKx mKx/y max (P(m) — l,y) <fpKx / m 

n£S(y) 
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and by Lemma 5.1 this is 

< (t/to) 5 / 6 logg -C xy- 1 ^ logg, 

mKx/y 

as required. 

Lemma 5.2 and partial summation give that 

y * (n)e(,i()) = y gWfM + 0(i) -i/6 log^), 

n<q n<q 

neS{y) 


and Proposition 2.3 follows. 

We remark that Lemma 5.2 with a: = 0 shows how character sums may be approximated 
by character sums involving only smooth numbers. This question is explored in greater 
depth in our paper [6]. 


6. Proof of Theorems 2.1, 2.2, 2.4 and 2.5 

The main ideas of our proof work whether or not GRH is assumed, the only difference 
being that the relevant parameters need to be chosen differently in each case. To present 
this in a unified manner we adopt the following convention. We set Q = logg if GRH is 
assumed, and Q = q if no assumption is being made. Accordingly we warn the reader that 
the results in this section must all be read keeping this convention in mind. 

By (2.1), to understand M (y) we must gain an understanding of J2 n < q x( n ) e ( na )/ n 
where a G [0, 1]. If we assume GRH then Proposition 2.3 shows that we may restrict 
ourselves to J2 n<q n eS((iog q ) 12 ) x(n)e(na)/n. Thus, with our convention, we seek to un¬ 
derstand 


( 6 . 1 ) 


£ 

n<q 

neS(Q 12 ) 


X{n) 

n 


e(na ), 


since in the unconditional case the criterion n G <S((3 12 ) is vacuous. 

We now define s — (logQ)^ and S — exp((logQ)i). We say that a lies on a minor arc 
if there is a rational approximation | a — b/r\ < l/{rS) with (6, r) = 1 and s < r < S. 
Otherwise we say that a lies on a major arc] in this case there is a rational approximation 
| a — b/r | < 1 /(rS) with (6, r) = 1 and r < s. 

Lemma 6.1. With the above conventions, if a lies on a minor arc then 

Y j —e(na) < (log 

H 

neS(Q 12 ) 



16 


ANDREW GRANVILLE AND K. SOUNDARARAJAN 


Proof. Suppose | a — b/r \ < l/{rS ) where ( 6 , r) = 1 and s <r < S. 

First we consider the unconditional case. By Lemma 4.2 with R = r we see that 


£ 

nKq 


x(n)e(n«) 


n 


y X{n)e{na) + y X (n)e(na) ^ )|+o(i) 

Z—/ ri ^ n 


i<r 2 


r * 2 


which proves the Lemma in this case. 

Now we consider the case when we assume GRH. By Lemma 4.2 with R — r we see that 


£ 

r 2 <n<(log ij) los s 
neS((logg) 12 ) 


x(n) (log 

■e(na) <C log log s + log log log q + -—— 7 =— log log q. 


n 




Further 


£ 

n>(log <j) log s 
ne5((logg) 12 ) 


XH 

n 


e(na) 



£ 

ne5((log<j) 12 ) 


1 

n l-l/log log q 


< - log log g, 
s 


and, trivially, 

V —efna) -C logr < log S'. 
n 

n<r 2 

ne5((log g ) 12 ) 

Combining these estimates we get the Lemma in this situation. 


We now consider (6.1) when a lies on a major arc. Thus we suppose that |a — b/r\ < 
1 /(rS) where (6, r) = 1 and r < s, and no such approximation exists with s < r < S. 
Define N — N q a h / r = min(g, l/\ra — 6 |). 

Lemma 6.2. With the above conventions, we have 


£ 

n<q 

neS(Q 12 ) 


x{n) 

n 


(net) 


V e(nb/r) + 0(log log Q). 

n 

n<N 

neS(Q 12 ) 


Proof. If N = q then the lemma follows easily from | e(na) —e(nb/r)\ <C n\a — b/r\ < n/N. 
Now suppose that S' <N — l/\ra—b\ < q. We find an approximation \a— 6i/ri| < l/(riiV) 
where ( 61 , rf) — 1 and n < N. Note that l/(rri) < \b/r — b\/r\\ < 1 /(rN) + l/(nN) and 
so ri > N — r > N — s > N/ 2. We now set R = (logQ ) 5 and divide the interval (N, q] 
into three intervals: I\ which contains the integers in (TV, q] that are in (TV, Rrf\, I 2 which 
contains the integers in (TV, q] that are in (Rri, exp((log<5) 2 )], and Is which contains the 
integers in (TV, q] that are larger than exp((log Q) 2 ). 

Since TV/2 < r\ < TV it follows that 

y —e(na) -C log R -C loglogQ. 

77 / 

n£/i 

neS(Q 12 ) 
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Aii application of Lemma 4.2 shows that 

Y ^ e(na ) -C log log Q. 

77/ 

n£/ 2 

ne.S(Q 12 ) 


Finally, since each element of I 3 is at least exp ((log Q) 2 ) we see that 


V —e(na) < I V _-_ 

2^ 2^ 77,1—1/ log Q 

ne/ 3 ^ neS(Qi2) 

ne 5 (Q 12 ) 


< 1. 


Combining these estimates we obtain that 

Y —e(n«) = ~ e ( m ) + O(loglogQ), 

n <q n<N 

neS{Q 12 ) neS(Q 12 ) 

and since |e(nct) — e(nb/r)\ -C n\a — b/r\ < n/N, the Lemma follows. 


6.1. Lower bounds for M(y): Proof of Theorems 2.2 and 2.5. 

We consider the quantity (6.1) for = b/£ + 1/N where b runs over reduced residue 
classes (mod £) and 1 < N < q. We multiply this by ij;(b) and sum over all reduced 
residue classes b (mod £). Thus we arrive at 


X m Y. ^-e(na b , N ) = rW £ MM e(n/JV) . 

z —' z —' n z —' n 

b (mod l) n<q n<q 

neS{Q 12 ) neS(Q 12 ) 

Exactly as in the proof of Lemma 6.2, set R — (log Q) 5 and divide the integers in (TV, q] 
into intervals Ji, I 2 and I 3 . Then we deduce that 

Y ^ ^^e(na &)A r) = r(^) Y 

b (mod £) n<q n<N 

neS(Q 12 ) neS(Q 12 ) 


hUM + 0( ^iogio g e), 

n 


Now consider Yb=i V’(^) ^2 n <qct b N xi n ) which in magnitude is plainly < <j>(£)M(x)- We 
see by (2.1), Proposition 2.3 (in the conditional case), and the above remarks that if £ > 1 
( 6 . 2 a) 

Em E x(n) = -hAM«>(-i)-x(-i)) E ^Y+cx^oghgQ), 

b= 1 n<qab,N n<N 

neS(Q 12 ) 


while if £ — 1 we have (because of the extra L(l, y) term) 

X{n) 


( 6 . 2 b) 


E xW = 4 T(i-x(-i)) 


n<qoii'N 


2 ni 


E 


N<n<q 

neS(Q 12 ) 


n 


+ 0 (v / gloglogQ). 


If we assume GRH then taking N — q in the case £ > 1 and N — 1 when £ = 1 we 
obtain easily that the sum over n in ( 6 . 2 a,b) is 3 > log Q exp(—B(y, if;-, Q) 2 ) and Theorem 
2.5 follows. In the unconditional case we show in the next Lemma that a similar lower 
bound holds for some 1 < N < q which proves Theorem 2.2. 
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Lemma 6.3. Let 77 (mod r) be a primitive character. Then there exists 1 < N < r such 
that 

h( n ) I _|_ i logr exp(— 0(77,1; r) 2 ). 


E 


71 


n<N 

There also exists 1 < N < r with 


^ f^/ff)_ -|- 1 log r exp(—0(?7,1; r) 2 ). 


N<n<r 


Proof. Set 5 — 1/ logr and observe that 

iy^M + f y Lh dt = y %> 

e ' n J 1 £ 1+ ° ' n n 1+ ° 

n <r n<t n<r 


It follows that 


max 

A<r 



n<N n<r 


We see easily that L (1 + < 5 ,77) = ^ 2 n<r ??(n),M 1+<5 + 0 ( 1 ), and from the Euler product that 
L (1 + 5, 17) 3 > logr exp (— 0(77, l;r) 2 ). The first part of the Lemma follows. The second 
part is similar starting from 


E 

n<r 


77(71) 

n 




t<n<.r 


?7(n) 


71 


dt = Yl 


n<r 


? 7 (n) 
71 1+5 ’ 


6.2. Upper bounds for M(y): Proof of Theorems 2.1 and 2.4. 

We continue from Lemma 6.2 our analysis of ( 6 . 1 ) in the case when a lies on a major arc. 
Of all characters with conductor below s we let f (mod m) denote that character for which 
D(x, t/>; Q ) is a minimum. 

Lemma 6.4. We keep the conventions of this section. Suppose ( b,r ) = 1 with r < s. 
Then 

Y ^ e(nb/r ) = 0((log<2)*), 

n<N n 
neS(Q 12 ) 

unless Hi | r in which case it equals 


<f>(r) 


|| (x{p a ) ~t(p)x(p a *)) Y 


| r/m 

>1 


n<N 

neS{Q 2 ) 


(xO( n ) 


+ 0((logQ)»). 


71 
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Proof. Note that 
(6.3) 


£ hi!) e(nb ,r) = £ £ hH)/'* 


n<N 

neS(Q 12 ) 


Since ( nb,r/d ) = 1 we see that 
nb \ 1 


r/d) cf(r/d ) ■' vr 

a (mod r/d) 


d ' n \r/dJ 

d\r n<N / cL 

neS(Q 12 ) 

(n,r / d) = l 


I] e {wd) S if{a)if){rib) 


1 




i/j (mod r/d) 

if(nb)r(if). 


Therefore 


(6.4) 


£ 


X(n) J nb 


i\> (mod r/d) 


1 


n \r/dJ Mr/d) , s 

n<N/d ' ' «/> (mod r/d) 

n€5(Q 12 ) 

(n,r / d) = l 


^ r{if)if(b) 




n<N/d 

neS(Q 12 ) 


n 


By Lemma 4.3 we see that 

(xVOW 


£ 


n<N/d 

neS(Q 12 ) 


n 


< 1 + (log- Q) exp ( - io(x, if)-, Q) 2 ). 


Using Lemma 3.4 we see that if if is not induced by £ then 

0(x,^;<2) 2 > (1 - l/v / 2 + o(l)) log-log Q, 

and further that there are at most 9 characters if (mod r/d) for which 0(y, if-, Q) 2 < 
| log log Q. Since 17"(gb) | < a Jr jd we deduce that the contribution of all characters not 
induced by £ to (6.4) is 


« ^Tr( 1 °g<3) 1+ h !+ ° <1) + yV5(io g Q)i 
Mr/d) 

The contribution of these terms to (6.3) is -C (logQ) 2 + 272 + °l 1 l -f v /T’(log Q) §+°( 1 ) <c 
(logQ)?. 

We must now handle the contribution to (6.3) from characters if induced by £ (mod m ). 
If m \ r then there are no such characters if , and the Lemma follows in this case. If m\r 
then we have to account for the contribution of the characters if (mod r/d) induced by £ 
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(thus d must be a divisor of r/m ). By Lemma 4.1 and (6.4) we see that the contribution 
of these induced characters to (6.3) is 


(6.5) 


E 

d\r/rr 


X(d) 


1 


d (j>(r/d ) 




r 


r 


dm ) ^ ( dm J 


E 


(xOW 


i<N/d 
(n,r/d) = 1 
neS(Q 12 ) 


n 


By Lemma 4.4 


E 


(x0( n ) 


n<N/d 
(n,r/d) = 1 
n€5(Q 12 ) 


n 


E 


(x0( n ) 


n<N 
(n,r/d) = 1 
n€5(Q 12 ) 


n 


+ O(logd) 


n(i-^) e 

. i „ / j * ^ s' 


(xOM 


p|r/d 


n<N 


n 


+ 0(loglogQ). 


ne5(Q 12 ) 

Therefore (6.5) equals, up to an error 0(log log Q). 


C(K\ (t\ x(d) 1 / r \-= 

^ j TTTTjn ^ 


d\r/r 


d <j)(r/d) \mdJ \mdJ 


)?(=) n (i 

p|r/( md ) 


(x£)(p)\ 


p 


) E 


(x0(«) 


i<N 
neS(Q 12 ) 


n 


which by a straight-forward calculation is 


( 6 . 6 ) 


</>0) 


II (x(p“)-f(p)x(p“ x )) E 


(xOW 


p“ ||r/m 
a>l 


n<N 
neS(Q 12 ) 


n 


To complete the proof of the Lemma, it remains to show that the terms in the sum in 

(6.6) may be restricted to n G <S(<3 2 ) with an acceptable error, in the case where GRH is 
assumed. We must therefore estimate the contribution of terms n which lie in (Q 12 ) but 
not in S(Q 2 ). We may write such n uniquely as p£ where p. the largest prime factor of n. 
lies between ma x(P(£) — 1, Q 2 ) and min(Q 12 , N/i), and £ < N/Q 2 is in S(Q 12 ). Thus the 
contribution of these terms is 

(6.7) E {M r 1 E ^ 

t<N/Q 2 max(P(^)-l,Q 2 )<p 

£eS(Q 12 ) p<min(Q 12 ,N/£) 

Using (5.1) and partial summation to handle the primes larger than Q 2 (log Q) 2 . and esti¬ 
mating the smaller primes trivially, we obtain that the sum over primes in (6.7) above is 
•C (log log Q)/ log Q. Thus the quantity (6.7) is <C log log Q, and the Lemma follows. 

Combining Lemmas 6.1, 6.2 and 6.4 we arrive at the following: 
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Lemma 6.5. Keep the conventions of this section. Then 

V — (e(-na) - x(-l )e(na)) < (logQ)? 
n 

n<q 

neS(Q 12 ) 

unless a lies on a major arc \a — h/r\ < 1 /(rS) with r < s, ( b,r ) = 1 and m\r, in which 
case it equals, up to an error 0((log(3) 7 ), 


H r ) 


n (x(p-> - ^mp- 1 )) e 


(xOH 


p a || r/m 
a> 1 


n<N 

neS(Q 2 ) 


n 


where N = min(g, 1/| rot — b |). 

Proof of Theorems 2.1 and 2.f. From Lemma 6.5 we see easily that 

V —(e(-na) - x(-l)e(na)) < (log Q)$ 

“ n 

n<q 

neS(Q 12 ) 


+ 


(1 ~ X(-1)£{-!))Vm 
4>(m) 


max 

N<q 


y- (x£)(rc) 

n<N !! 

neS{Q 2 ) 


Using Lemma 4.3 this is 

(6.8) « (logC)T + (1 ~ X( ~ 1);( ~ 1)) ^ /i ‘ (logQ)ex P ( - iD( x .?;<3) 2 ). 

<p(m) V 2 / 

We also note that (using L(l,x) — J2n< q x{ n )/ n + 0(1) and Lemma 4.3 in the uncondi¬ 
tional case, and Littlewood’s (1.5) in the conditional case) 

(6.9) L{ l,x) < (log Q) exp ^ — ^D(x, 1;<5) 2 )- 

Using (6.8) and (6.9) in (2.1) (and using Proposition 2.3 in the conditional case) we 
immediately obtain Theorems 2.1 and 2.4 in the case when m — 1 and £ is the trivial 
character £(n) = 1 for all n. In the case when m > 1 it follows from Lemma 3.4 that 
B(x, 1; Q ) 2 > (1 — 1 /a/2 + o( 1)) loglog Q. Using this in (6.9) we obtain the bounds claimed 
in Theorems 2.1 and 2.4. 


7. Proof of Theorem 6 

To prove Theorem 6, we assume GRH and continue the analysis of the previous section 
(note that Q — logv/j. We distinguish two cases: when the nearest character f (mod m ) 
is the trivial character (m = 1 and £(n) = 1 for all n), and when m > 1. 
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We start with the easier second case. By Lemma 3.4 we have that B(%, l;logg) 2 > 
(1 — l/\/2 + o(l)) logloglogg and therefore, by (6.9), L( l,x) = o(loglogg). ^From this, 
(2.1), Proposition 2.3, and Lemma 6.5 we obtain that M(x) + c^yT/loglogg) 


< 




max 


7F m\r,N<q I (j>{r) 


I I (x(p a ) - £(p)x(p a x )) 


p a \\r/r, 
a> 1 


E 

n<N 

n£tS(log 2 q) 


(x0( n ) 


n 


By Lemma 4.4 we see that, up to o(y/q log log g), the above is 


< 



max 


7T m\r,N<q 


1 tt X.{p a ) ~£{p)x{p a ]) y- (xQ{v) 

^ Ar,™ 1 ~(X0(P)/P 

a> 1 v£5(log 2 q) 

{v,r) = l 


The product above is bounded in magnitude by Y[ p \ r /m^P/ (P + 1)> and the sum over v 
above has size < n ? j<i og 2 q ,p\r^ ~ l/p) _1 = (2e 7 + o(l))(</>(r)/r) log log g. It follows readily 
that when m > 1 

M{x)< — j= + 0 ( 1 ))^ log log q. 

V7T y/m / 

Since there is no primitive character (mod 2) we have that m > 3 and so the bounds of 
Theorem 6 follow. 

We now consider the more involved case when m — 1 and £ is the trivial character. We 
consider J2 aiq <n<a 2 q x( n ) where 0 < aq < aq < 1 and by (2.1) and Proposition 2.3 this is 
(7.1) 

-hh V hd (e( _ nai ) _ x (-l)e( nai ) - e(-iBi) +x(-l)e(na 2 )) + 0(^5). 

27tz “ n 

n<q 

neS((\ogq) 12 ) 


There arise three cases: both aq and a-j lie on minor arcs, exactly one of aq and a 2 
lies on a major arc, and both aq and oq lie on major arcs. In the first case we obtain 
from Lemma 6.5 that the above is <C y / g(loglogg) 7 +°( 1 ). "We examine the third case in 
detail, and omit the second case which is similar and simpler. Suppose (for j — 1, 2) that 
a.j — bj jr 3 1 < 1 /(rjS) where r 3 < s, and ( bj,r 3 ) = 1. Set Nj — min(g, l/\rjaj — bj\). Using 
Lemma 6.5 and Lemma 4.4 we see that (7.1) equals, up to an error 0(y/g(loglog g)?+ o( U), 


(7.2) 



E 

v<N-l 

v€S((logq) 2 ) 

(v,nr 2 )=l 


X(v) 

V 


a 2 yi 

v<N 2 

veS((logq) 2 ) 

(v,nr 2 )=l 



5 


A,- 


1 

<K r j) 


n (x(p“)-x(p“-’)) n 

P a \\r j p\rir 2 

a> 1 



x(p) 

p 


where 


-1 
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It is easy to see that (7.2) is bounded in magnitude by 
— max(|Ai|, |A 2 |, \Xi - A 2 |) V] - 

7T o V 

vES((logq) 2 ) 

(«,nrj)=l 

= ^max(|Ai|,|A 2 |,|A 1 — A 2 |) JJ (l - -)(2e 7 + o(l)) loglogg. 

p\r 1 r 2 

Thus Theorem 6 would follow if 

(7.3) max(|Ai|, |A 2 |, |Ai - A 2 |)0(rir 2 )/(?rr 2 ) < 1. 

A simple optimization gives that 

| A , <Krir 2 ) < 1 -r-r I x{p a )-x(p a - 1) < 1 TT 2p (< 1 ) 
h rir2 - Tj 11 | 1-.x(p)/p ~ rj -LI p+1 ~ 

p no pi o 

a>l 


This estimate immediately gives (7.3) in all but the following two cases: one of r\ or r 2 
equals 1, or one of rq or r 2 equals 2 and the other equals 3. In the second case we see that 


<m = 2y(2)-x(3)-l 2 

6 (2 — x(2))(3 — x(3)) - 3’ 


since this is maximized at y(2) = —1 and x(3) = 1 and so (7.3) holds. Finally we have the 
case when one of r\ or r 2 is 1 and the other equals r say. Here we must show that 



If r = p a is a prime power then the LHS of (7.4) equals 


i \p a ~x(p) a , x(p) a 1 


p a 1 1V pJ p — xip) ' P I p a 1 VV pJ yi ' ; ' pJ 

and so (7.4) holds. Now suppose that r has at least two distinct prime factors. For any 
non-negative oi,..., with k > 2, we have that 


(p a ~ l + ... + 1) + - =1, 

pJ 


(1 + tti . . . ttk) 2 < (1 + a l)(l + ( a 2 ■ ■ ■ (Ik) 2 ) T J^[(l + 


Therefore 


nswur 1 )) <(i+n 


I x(p a )-x(p a 

p a ~ 1 (p — l) / 


n^lYvrl 2 ) 




i - xip) 2 

p — 1 


as desired, since z = (1 — x(p))/(p — 1) is a complex number with non-negative real part 
so that 1 + \z\ 2 <11 + z\ 2 . 
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8. PALEY’S BOUND IN ALL DIRECTIONS: PROOF OF THEOREM 3 
Bateman and Chowla [1] showed that 


\ E | E X(n) 

1 N<q n<N 


t(x) ( 1 - X (- 1 )) 

in 2 


U 1,30 


2 


o_ 

12 




If x(—1) = —1 w e deduce that 


(8.1) 


E *(n) 

n<N 


+ 0(log loglog g)) 


for “almost all” N < q. We now show that for most characters x, L(1. x) may be approx¬ 
imated by a short Euler product. Throughout this section we let y log q/ log log q. 

Proposition 8.1. For any large prime q 


= n (' 

p<y 


x(p)rVf Q f log log log 9 

p J V V log log q 


5 


for all 
Proof. 


but at most q 1 x /( 4lo s lo s<?) characters x (mod q). 

An immediate consequence of Proposition 2.2 of [8] is that 

-l 


H i,x)= n f 1 

P<(logq ) 3 


x{p) 


P 


1 + 0 


1 


log log q 


5 


for all but at most g 3 / 4 characters x (mod q). Consider 


1 


E 

X (mod q) 


E 

logg<p<(logi 7 ) 3 


x(p) 


P 


2k 


E 

m—n (mod q) 


a k (m)a k (n) 

mn 


where a k {n) is the number of ways of writing n = p\ .. .p k where each pi is a prime in 
(log q. (log g) 3 ]. We choose k = [log g/(4 log log g)] so that a k (n) = 0 for n > q and so the 
congruence m = n (mod q) implies that m — n. Since a k (n ) < k\ it follows that 


E a k (n) 2 ^ y. a k (n) 
n 2 ~ 77,2 


k\ 


E 

log !7<p<(log q) 3 



< 


( - 

V log log q 


2 k 


We deduce that there are fewer than 4>(q)e 2k characters x with | [Clog g<p<(iog q ) 3 x(p)/p\ E 
e/ log log q. Since ^2 y<p< i oa q -C log log log qj log log q trivially, the Proposition follows. 
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Proposition 8.2. Given a prime q and an angle 6 e (— n, 7r], there are at least q 1 ~ C! o/Q-ogiogq) 
characters x (mod q) with x( —1) = —1 such that 

T] = e**(e 7 loglogg)+O((loglogg) 1/2 ). 

v«,<v p ' 


Proof of Theorem 3. Theorem 3 follows upon combining (8.1) with Propositions 8.1 and 

8 . 2 . 


To prove Proposition 8.2 we require the following consequence of P. Deligne’s celebrated 
bound on hyper-Kloosterman sums. 

Lemma 8.3. We have 


2 

<t>(q) 


E 

x (mod q) 

x(—1)=—1 


< 2 


Proof. Using the definition of r(x) and the orthogonality relation for characters we see 
that 

2 _ 

TUT E X{a)r(x) n = Kl„(o,g) - Kl n (-a,g), 

<p(q) , , , 

x (mod q) 

x(-i)=-i 

where 

K1„(M)= V e( I1 + - g - + X " ). 

Xi,... ,x n (mod q) 
x\•■■x ri =b (mod q) 

In (7.1.3) of [5] Deligne gives the bound (for (6, q) = 1) 

|Kl n (6, g)| < ng*' n_1 ^ 2 , 


from which the Lemma follows. 

Proof of Proposition 8.2. Set R := — 1 /p) _1 = e 7 loglogg + O (log log log q) and 

consider for a natural number k 


( 8 . 2 ) 


2 

<f>{q) 


E 

X (mod q) 

x(-i)=—1 



p / 


Expanding using the binomial theorem this equals 


E 

0 <j/<k 


Jf2k-j-e e i0(£-j) 


dj(m) dt(n) 


m,nES(y) 


m 


n 




E X(m)x(«) 


r(x)yY T (x)^i 


X (mod q) 

x(-i)=-i 


i^q) V iy/q ) 


(8.3) 


X 
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Using Lemma 8.3 we see that the terms j ^ £ above contribute an amount bounded in 
magnitude by 


(8.4) 


2k \ r 

^ o <j,e<k 


k ) ( k )\R 2k - J - e R J R e = —2 2k R 2k . 

jj V) Vv 


Now we focus on the terms j = £ in (8.3) which give, by the orthogonality relation for 
characters, 


(8.5) 


E 

0<j<k 


R 2k-2j £ (±1) 


m==bn (mod q) 
m,n£S(y) 


dj(m ) dj(n ) 
m n 


If m = ±n (mod q ) but m ^ n then either m or n exceeds g/2. Thus such terms contribute 
to the sum in (8.5) an amount 


< 


dj(m) ^ / .oi^Ni/iogiogg 


4 LljyiU) 


n>q/2 

neS(y) 


< AR J 

n \q 


_V? 

n 1 -!/ 


dj ( n ) 


ieS{y) 


-1/ log log q 


i€S(y) 

<^C j R 2j q-R loglog ' 1 , 

for some absolute constant (7 > 1. From this and (8.4) we conclude that our quantity (8.2) 


is 


(8.6) 


E 

0<j<k 


Note that 


^ \ R 2k — 

J ' 


e ^=iie 


^ ^1! + o ((4Cf i? 2 V Vlog log «). 


neS(y) 


00 a.(JL\i 


dj(p 


p 


2t 


n 


r 1/2 

x e(0) 

7 — 1/2 

P 


-2 j 


do. 


neS(y) p<y 1 =0 p<y 

Observe that |1 — ^d\~ 2 RW > 1 always, and that if p < j then it 


is 


> 


rp/(2j) 

1 e{9) 

'-p/m 

P 




3 ' P- 

for a suitable positive constant c. It follows that if 2 < j < y then 


(8.7) 


e ^>n(> 

i€S(y) p<j 


1 \ - 2 .? 


P 


exp 


Cj 
log jR 


for some positive constant C. 
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We now take k — [ c'y ] for a suitably small constant d > 0, and consider only the 
contribution of j — [k/ 2] in (8.6). Using (8.7) we deduce easily that the main term in 
(8.6) exceeds 2 2k R k ]/[ <fc (l — ^/p)~ k exp(— Ck/ log k) and that the error term there is 
substantially smaller. We conclude that 


2 

Hq) 


E 

X (mod q) 

x(-i)=-i 



p J 


> (2R) 2k exp 


Ck \ 
logfc/’ 


for some positive absolute constant C . From this estimate we deduce that (for some 
absolute constant Cq) there are at least q 1 ~ c o/dogiogq) characters x (mod q ) with y(—1) = 
— 1 such that 


t(x) 

i-y/Q 


n(i 

p<y 



+ Re ie 


> 2R(l - 


WE ). 

log log q J 


Now, if \z\ < 1 and |1 + z\ > 2 — e then we may check easily that z = l + 0(y/e). The 
Proposition follows. 


9. The constant in the Polya-Vinogradov theorem: Proof of Theorem 2.7 

Let £ (mod m) denote the primitive character with conductor below (log q) ^ such that 
B(x, £; q) is a minimum. We distinguish two cases depending on whether m > 1 or m = 1. 

We start with the easier first case. By Lemma 3.4 we know that D(y, 1 ;q) 2 > (1 — 
1/V2 + o(l)) log log q, and so by (6.9) we have that L( 1, y) = o(logg). Thus by (2.1) and 
Lemma 6.5 we deduce that M(x) + °{\/Qi\ogq) is 


(9.1) 


< 



max 
m l r ? N <q 


1 

(p(r) 


n wp“) - «p)x(j>“- 1 )) e 

p a \\r/m n<N 

o> 1 


(xOH 

n 


Observe that W is a 11011 -trivial character to the modulus \q,m] (this denotes the l.c.m. 
of q and m). Set Cq — 1/4 if [g, to] is cubefree and Cq — 1/3 otherwise, and note that 
Co = c unless m is divisible by a prime cube, and in any case cq < | c. Burgess’s results on 
character sums (see [2]) show that X n <x(E0( n ) = °( x ) if % > q Co+e , from which it follows 
by partial summation that 


E 

n<N 


(xO(rc) 

n 


y- (xOH 

n<min(ij c o ,JV) 


+ o(logg). 


Using this and Lemma 4.4 in (9.1) we obtain that M(x) + o(^qlogq) is 


(9.2) 


< 



7T m | 


max 

\r,N<q c o 


1 TT x(p a ) -Z(p)x(p a ]) y' (xQ{n) 
Hr) 1 ~{x0(p)/p n 

p || r/m n^iV 

a>l (n,r) = 1 
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The product above is bounded in magnitude by Y[ p \ r /m^P/(P + 1), while the sum is 
bounded by ~ (0(r)/r)cologg. Thus (9.2) is bounded in magnitude by 


y/q yfm 


n 


2 p 


n r p + 1 

p\r / m 


(c 0 log q). 


If Co ^ c then m must be at least 8 and the above bound beats the estimates claimed in 
the Theorem. If 1 < m < 8 then Cq = c and the bound above suffices in all cases except for 
m — r — 3 (and £ = (g)). In this final case we have that the quantity in (9.2) is bounded 
in magnitude by 


y/q v/3 I (x0( n ) 

— -max > - 

7r 9 N< n c \ Z—/ « 


7T 2 N<qc 

Applying Theorem 1 of [9] we may see that 


i<N 


|r(i.x?)l = X 

n<q c 


n 


+ o(logg)< + o(l))|(clogg), 


where the | accounts for the fact that (x£)(3) = 0. It follows that for N < q 


E 

n<N 


n 


/ 2 \ / 34 q c 

< ( g +o(i) j min y log N, — (clogg) + log — 

fi9 2 

- (1 + 0(1)) ^'3 (cl ° g9) ’ 


which completes the proof of the Theorem when m > 1. 

Now consider the case m — 1. Here (2.1), Burgess’s estimate, and Lemma 6.5 give that 
M (x) + o(y/qlogq) is 


< - max 

7T r,N<q c 


E 

n<q c 


X(n) 


n 


T^n (x(p“)-x(p“-‘))E : 

’ 73 “II r n<N 


X(n) 


n 


The estimate claimed in the Theorem now follows from Lemma 4.4 and (7.4). 
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